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Abstract 

Several second moment and other integral evaluations for the Riemann 
zeta function C( s )i Hurwitz zeta function £(s,a), and Lerch zeta function 
&(z,s,a) are presented. Additional corollaries that are obtained include pre- 
viously known special cases for the Riemann zeta function £(s) = £(s, 1) = 
$(1, s, 1). An example special case is: 

|C(l/2 + it)| 2 



Ir t 2 + 1/4 

with 7 the Euler constant. The asymptotic forms of certain fractional part 
integrals, with and without logarithmic factors in the integrand, are presented. 
Extensions and other approaches are mentioned. 
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Introduction and statement of results 

Let $(z, s, a) denote the Lerch zeta function [13], £(s, a) = $(1, s, a) the Hurwitz 
zeta function, and ((s) = £(s, 1) the Riemann zeta function [SJ HJ [T2J E]. The 
function $ may be analytically continued in all three of its arguments, and satisfies 
the evident functional relation for integers n 

n— 1 

$(z,s,a) = z n $(z,s,n + a) + J2 , u , w (1-1) 

fc=0 l ft + a ) 

We present several integral relations for a version of a second moment of C( s )> C( s ) a )) 
and s,a). Special cases of the latter results then give additional corollaries for 
the Riemann zeta function, and these include a result of Ivic [9] for the alternating 
form of the zeta function. We illustrate that our results also extend to Dirichlet L 
functions. Throughout we write a = Re s and s = a + it. 

Moment integrals of the Riemann zeta function in particular have been of interest 
from many points of view. We recall that even the simple average of \C{s) | 2 on vertical 
lines in the right-half of the critical strip < o < 1 has important application. 
For Bohr and Landau based their theorem on the proportion of zeros within strips 
adjacent to the critical line o = 1/2 by using the uniform boundedness of this average 
by C(2cr) for a > 1/2 (e.g., [(> Ch. 9). 

We recall the alternating Hurwitz zeta function, $(—1, s, a), valid for a > 0, when 
given by the series 



2 



Correspondingly, we have the special cases £(s, 1/2) = (2 s — l)C(s) and 

Us,l) = Us) = (l-2 1 - s )((s). 

In the following (a)j = T(a + j)/T(a) is the Pochhammer symbol. 
We have 

Proposition 1. Let a > 1 and a > 0. Then we have (a) 

dt = -[2C(2<7 - 1, a) + (1 - 2a)C(2a, a)], 





C(s,a) 


1 — CO 


s 



and (b) 



F 

j — < 



C'(s,a) 


2 

71" 


dt = - 


s 


a 



C"(2<7, a) + 2 ^ 



m=0 



(ln(a) m ) ln(m - 
(m + a) 2(T 



(2 s - l)C(s) 



In particular, part (a) at a = 1/2 yields 
Corollary 1 

/. 

and at a = 1 gives 
Corollary 2 



7T 



rft = 2-(2^- 1 -l)C(2a-l), 

(7 



C(«) 



7T , 



dt = -[2C(2<7-l)-C(2<7)]. 



(1.3) 



(1.4) 



(1.5) 



;i.6) 



This latter relation is proved directly by two different methods in the Appendix. 
Proposition 2. Let a > and a > 0. Then we have 



f 

J —i 



(a(s,a) 



IT 



dt = -Ca(2a, a) 

<7 



;i.7) 
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Therefore, we have 



>0, 




POO 


Ca(s) 


J — oo 


S 



dt=-( a (2(T), 

a 



being Theorem 1 of [9]. We recall that 



Ca(l,a) 



where ip = T'/T is the digamma function [TJ [2j [T] . We then obtain 
Corollary 4. For Re a > we have 



C«(l/2 + it, a) 



1/2 + it 



dt = TT 



■0 



1 + a 



;i.8) 



;i.9) 



;i.io) 



In turn, d(l, 1) — In 2, and we recover the case of Corollary 1 of [9]. Since we have 
the reflection formula ^(l — 2) — ^(z) = Trcotirz, we obtain with a = 1/2 in (1.10) 
Corollary 5. We have 

" Ca(l/2 + it,l/2)| 2 



1/2 + it 



dt = n. 



1.11) 



Corollary 6. We have 



C (l/2+it,2) 



1/2 + it 



dt = 2vr(l - In 2), 



[1.12) 



where C a (*,2) = 1 - ((s) + 2 1 - s ((s). 

Other identities follow from specializations in [9j. Let the function tp(x) be defined 
as in (3) of [9J: with Xa{%) the characteristic function of the set A, 

00 00 f x fx\ du 

<P( X ) = X, I! / X[2m-l,2m) (-) X[2n-l,2n)(«) , X > 1. (1.13) 

m,= ln=l' 71 ^""^ M 



Corollary 7. We have (a) 



Ji x 1 



(b) 



and (c) 



/ [l-cos(tln2)]|C(l + ^)| 2 - 
Jo 1 



dt 7T 



t 2 48' 



(1.14) 



(1.15) 



/> - cos(tln2)] 2 |C(l + it)\ A j^y = f ^dx. (1.16) 



Conjecture 1. 



lim s' 



? r ^dx = i. 



(1.17) 



Proposition 3. Let \z\ < 1, a > 0, and <r > 0, unless z = 1, in which case a > 1. 
Then 



-c 



$(z, s, a) 



7T 1 



-[(2 + l)$(\z\ 2 , 2a, a) - 2$(z*,2a, a)]. (1.18) 



We note that this Proposition recovers Proposition 2 when z — — 1. 

Let yu(n) be the Mobius function and rf(n) the number of divisors of n. 
Proposition 4. We have for cr > 1 (a) 

r°° 1 dt 71 



and (b) 



f 

J —i 



1 eft 



< 





C(s) 


/ — oo 


S 



df. 



(1.19) 



(1.20) 
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(c) For cr > 1 we have 

~o |c 2 0Q| 2 

I c|2 



7T 

dt = - 
a 



C\2a) » d(m) ^ 



m 



(1.21) 



m=l "" n=l 

Let L(s, x) be the Dirichlet L function corresponding to Dirichlet character x 
modulo k and Xo the principal character. 

Proposition 5. For x a nonprincipal character let a > 0, and otherwise take a > 1. 
Then we have 







2 

dt= - 


J — oo 


s 


a 



m=l n=l 



(1.22) 



Proposition 6. Let cr > 1 and a > 0. Then we have (a) 

3 ICMI 2 



7T 



1 C(2a - 1, a) + - ( I - a ) ({2a, a) - ('(2a - 1, a) + aC'(2<7, a) 



(7 



£ 

m=0 



a V2 
In (a) 



(m + a) 2cr 



(1.23) 



and (b) 

- IC(*)I 2 

I e|4 
oo i> 



7 1 " 



1 w % 1 . . .. ~ ln(m — 1)! 

-C(2a - 1) - -C(2cr) - C(2a - 1) + C'(2a) - £ 



(7 



m=l 



m 



2(7 



(1.24) 



Let a > and a > 0. Then we have (c 

Ka( S ,«)| 2 



-dt 



7T 
2^2 



1 oo m— 1 / iNrra+n 

-C(2<r, a) - C(2a, a) + C(2a, a) - 2 £ £ 1 J ln(n + a) 



In [10] (Corollary 1), I vie has given the special case relation for < o < 1 



2~ix 



a 2 + t 2 



dt 



X 



2(7+1 



dx, 



(1.25) 



(1.26) 



where {x} = x — [x] denotes the fractional part of x. Based upon (1-26) we provide 
the following explicit evaluation. 
Proposition 7. For < a < 1 we have 



i r \a° + it)\ 2 _ dt = _i 



((2a) C(2<r-1) 
2 2a - 1 



[1.27) 



2tt 7-oo (J 2 + t 2 a 
From this result, we may draw other conclusions pertinent to the critical line. For 
instance, with 7 = —ip(l) the Euler constant, we have 
Corollary 8. We have (a) 

In K T+ + l/f dt = 2n[H2n) ~ 7] ' (L28a) 

and (b) 

jf cos(t In 2) \Q0+J^ dt = I_ [ 2 i n 2 + 3 In ir - 3 7 ] . (1.286) 

We may remark that the right side of (1.27) confirms that the quantity in brackets is 
negative, and in fact, since ((0) = B\ = —1/2 and ((— 1) = —B 2 /2 = —1/12, where 
Bj is the jth Bernoulli number, this sum ranges from —1/6 at a = to —00 at a — 1. 

Also given in [10] (Theorem 3) is the following asymptotic formula. Let M > 1 
be a fixed integer. Then as T — > 00 

Ivic used contour integration to obtain this formula. We show an alternative route, 
using real variable asymptotics. While successive higher order terms may be system- 
atically found, we are content to state the following. 
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Proposition 8. (a) For T — > oo 

jf ^-e-*/ T dx = \ [\nT - 7 + ln(27r)] + ^ + O (^) . (1.30) 
(b) For T ^ oo 

/ ^-e" x/T cix = ln(2vr) - 7 + [-2 + 2 7 + 12 In A - ln(2vr) 3 - 2 In T] — 
Jo x 6T 

+ o(W), (1.31) 



24T 2 2160T 3 VT 4 , 
where the Glaisher constant A is such that In A = 1/12 — £'(—1). While our approach 
may not as easily obtain the higher order terms in case (a), it applies to a wider class 
of integrands as illustrated by part (b). 

Let ipi(x) = {x}, and recursively define functions 

ip n {x) = [ {u}if n -i (-\ — , n > 2. (1.32) 
J \uj u 

Then we have the following sharpening of (8) of Theorem 1 of |10j . 
Proposition 9. For x > 1 we have 

<p 2 (x) = ^lnx + ^ln(27r) + o(l), (1.33) 

and 

i 71 

(pf x ) = — In™" 1 x + — -7 ln(27r) In"' 2 x + OQn"" 3 x). (1.34) 

Y v ' 2 n (n - 1)! 2 n (n - 2)! v ' v ' y ' 

Special values of the function (p 2 may be found exactly at rational and integer 
argument. As a sample of this, we have 

Proposition 10. We have <p 2 (l) = 2(1 - 7), (p 2 (2) = 4(1 - 7) - In 2, <p 2 (3) = 6(1 - 



7 )-21n2, ^ 2 (4) = 8(l- 7 )-21n3, <^ 2 (5) = 10(1 -7) -ln(2304/125), y> 2 (6) = 12(1- 
7 )-21n(20/3), (p 2 {7) = 14(l-7)-21n(8640) + 71n7, (p 2 (B) = 16(l- 7 )-21n(945/64), 
y? 2 (9) = 18(l- 7 )-21n(143360/6561),and (p 2 (10) = 20(l- 7 ) + ll ln(5/2)-2 ln(5103). 
We may remark that <p 2 has the following summatory representation: 



More general moment integrals of the form 



— - 3 - ] {xy}dy. 



1.35) 



ICM| 



2i» 



-dt 



;i.36) 



have been investigated. Bernard has written a compact form of these integrals, and 
made a detailed study of the m = 2 case j3]. Although the m = 2 evaluation, as 
expected, contains terms such as C(4c, a), C 2 (2o", a), £(4er — 1, a), and further products 
C(2<7 + 6, a)C(2<r + c, a + 3) with 6, c = 0, 1, the complete lengthly expression contains, 
for instance, complicated triple summations. 

Proof of Propositions 

We shall have recourse to the integral for a > and real values of a 



00 cos ax 
-00 a 2 + x 2 



dx = —e 
a 



■\a\a 



(2.i; 



Proposition 1. (a) For a > 1 we have 



C(s,a) 



£ 

n,m>0 



dt 
1 



E 



n=0 



n + a) 



dt 



a 2 + t 2 



[(n + a)(m + a)\ a J -00 \n + a 



00 /m + a 



dt 



t 2 



= V I , 

nUo [(n + a){m + a)}° J-oo 



C(2M) + 2E E 



cos 



t In 



m=0 n<m 
7T 

a 



[(n + a)(m + a)] a J-oc 



oo m— 1 

c(2a,a)+2 5: x: 



cos 



m + a 
n + a 

t In 



dt 



a 2 + t 2 
m + a 



n + a 



dt 



a 2 + t 2 



1 



7T 



oo 

C(2a,a) + 2^ 



m 



m=0 



(m + a) 2a 



7T 



= - {C(2a, a) + 2[C(2a - 1, a) - aC(2a, a)]} 



7T 



[2C(2(T-l,a) + (l-2a)C(2 < 7,a)]. 



(2.2) 



The series used for C( s > a ) being absolutely convergent, the initial interchange of 
summation and integration is justified. Part (b) is proved similarly. 
Proposition 2. For a > we have 



/OC 
-C 

= E 



(a(s,a) 



dt= / 



■l) n 



5 {*>+«) 



00 /m + a 



dt 



a 2 + t 2 



n,m>0 



[(n + a)(m + a)}°~ J-oc \ n + a J a 2 + t 2 



dt 



= E 



i 



COS 



n,m>0 [(n + a)(m + a)]° J-oc 

[(n + a)(m + a)] CT 7- 



t In 



V,«) + 2E E 



m=0 n<m 
7T 



COS 



m + a 
n + a 

t In 



dt 



a 2 + t 2 
m + a 



n + a 



eft 



(7 2 +t 2 



oo m— 1 / -i \m- 

C(2<7,a) • 2 X E 

rra= 



^0 ( m + a ) 



2(7 



7T 



C(2a,a)+X: 



m=0 



fm + a) 2rT 



[l-(-l) 



-[C(2<t, a) + Ca(2a, a) - C(2<r, a)] = -C(2<7, a), 
a - er 



(2.3) 
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Corollary 7. (a) follows from the limit 



Iim(l_2 1 -)V(a)=ln J, 2, 



together with relation (4) in [9]. (b) follows by taking a — 1 in (1) in [§]. (c) follows 
by Parseval's theorem for Mellin transforms and taking a = 1 in (4) in [9]. 

Conjecture 1 is based upon relation (4) in [9] and the fact that C 2 (0) = 1/4. The 
integral itself of the left side of (1.17) is slowly diverging, but we conjecture that the 
presented limit exists. 

Proposition 3. We proceed as in the proof of Proposition 2, obtaining 

2 



POD 


s, a) 


1 — OO 


s 



COS 



t In 



m + a 
n + a 



dt 



a 2 + t 2 



71 



E 



\z\ 



oo m— 1 ^n/^*\m 



m=0 n=0 



(ill + a) 2<J 



a 



$(|^| 2 ,2 ( x,a) + 2£ 



m=0 



(z*) m (l-z m ) 
[m + a) 2a (1 - z) 



TV 

o~ L 



$(|^| 2 ,2o-,a) + ^— [<f>(z*,2o-,a)-$(\z\ 2 ,2a,a)) . (2.4) 

Remark. We have recently derived an integral representation for $ that generalizes 
that of (A.2) for ((s, a) (5 (Proposition 1). With P x {x) = {x}-l/2, {x} the fractional 
part of x, for a G C/{ — 1, —2, ...}, sGC when < 1, and a > 1 when |z| = 1, we 
have 



$(2,s,a) = — + 



— : h / —dx + 

2(a+l) s Ji (x + a) s J i 



z x In z 



sz 



(x + a) s (x + a)' 



+i 



Pi(x)dx. 
(2.5) 
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By following the second method of integral evaluation shown in the Appendix, this 
Pi-based integral representation can also be used to prove Proposition 3. 
Proposition 4. We use the Dirichlet series valid for a > 1 

ji{n) 1 



E 



77* 



COO' 



c(2*r 



(2.6) 



n=l " ^V J ; n =l n=l 

with the latter corresponding to that for square- free numbers [9] (pp. 32-33). Then 
for part (a) we have 



1 dt 

- www : = 

/x(n)/i(m 



^ fi{n 



71=1 



E 



77m 



n,m>l 

* , /j(n)/i(m 
(nmY 

n,m>l V / 



m 



dt 



a 2 + t 2 
lt dt 



nj cr 2 + t 2 



cos 



t In 



a 2 + t< 



7T ^ /i 2 (n) 



E 



2a 



EE 

71>1 m>l 

C(2a 



fj,(n)fj,(m) f°° 



(nm) 



cos 



■oo 



t In ( — 

n 



a 2 + t 5 



2 E E M« 

m=l n=l 



For part (b), one way to proceed is to apply the triangle inequality to the right 
side of (1.14), giving 

"C(2(7l 



v 1 dt 7T 

< - 

a 



IC(s)l 2 N 12 



C(4a; 



+ 2[C(2a - 1) - C(2a)] 



< -[((2a) + 2[C(2a - 1) - C(2<r)]] = -[2C(2<r - 1) - C(2<r)]. (2.1 
a a 

The right member here being the integral of Corollary 2, part (b) is completed. 
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For part (c) we proceed as in (a), using the Dirichlet series for a > 1 (e.g., [T] 
pp. 4-5) 

~ g^(n) = C^(£l_ (2g) 



n=l "l ^ C(2S) 

Proposition 5. For an arbitrary convergent Dirichlet series f(s) = J2^=i a nn~ 
we find from (2.1) that 



/(*) 


2 r 
dt = - 


s 


a 



Ln=l 



oo m— 1 



a n a r 



m=l n=l 



ni 



2cr 



(2.10) 



When a n = lx| 2 is simply or 1 according to |x| 2 = Xo, an d the result follows. 

Remark. Alternatively, the L function may be written as a linear combination of 
Hurwitz zeta functions. For x a principal (nonprincipal) character and a > 1 (a > 0) 
we have 



i 



7?, 



(2.11) 



n=l m=l 

Proposition 6. By acting with —d/da on (2.1), for a > and real values of a 
we have 

r 00 cos ax 



-dx 



71 



1 

aH — ) e 

a, 



(a 2 + x 2 ) 2 2a 2 
(a) We proceed similarly to Proposition 1, but using (2.9) and 

ln(n + a) 



(2.12) 



c'M = -£ 



ra=0 



(n + a) 



(2.13) 



(b) is the a = 1 reduction of part (a), with (l) m = ml. For (c) we proceed similarly 
to Proposition 2 and use 

, ln(n + a) 



CM = -£(-!)' 



n=0 
13 



in + a) 



(2.14) 



Remark. By using integral representations for In T, one may write integral repre- 
sentations for the last terms on the right sides of (1.23) and (1-24). Stirling's formula 
may be used to study the asymptotic behaviour of the summands there. In (1.25) 
one may write the inner sum J2™=o(~ l) n ^ n ( n + a ) = Sl=o ^ n ( 21+^+1 )" 

Proposition 7. We first have 
Lemma 1. Let / be an integrable function, and ip^ the polygamma function (e.g., 
[HE]). Then (a) 

/ /({*})— = / f(y)((Ky + l)dy, (2.15) 

1/ 1 X J 



and (b) for integers k > 



/({*}) 



dx 



-i) k r 1 



f{y)^ k - l \y + l)dy. 



x k (k — 1)! Jo 

The relations (2.15) and (2.16) hold when the corresponding integrals converge 
Proof. We have 

\ /({*})§ = £/ /({*»^x 

Ji x A Je x A 



(2.16) 



00 r i 



E 



f(y) 



\h (y + £) x Jo 



m 

For part (b) we use the relation 

C(n + l,x) 

Part (b) also takes the form 

dx (-l) k r 1 



dy= / f(y)C(\,y + l)dy 



dy. 



C(A,y) 



(2.17) 



-1 



,n+l 



n! 



7/> (n) (x). 



(2.18) 



(fc-i)!y 



^(y) 



-l) fe - x (A; - 1)! 



dy, (2.19) 
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due to the functional equation of the polygamma function. 

We now apply the Lemma with f(u) = u 2 to (1.21) and integrate by parts twice: 



27T7-00 a 2 + t 2 Jo x 2ct+1 

= f y 2 ((2a + l,y)dy 
Jo 

= - f 1 yC(^,y)dy-^-C(2a) 
a Jo la 

(2.20) 



1 

a 



C(2a) C(2a~l) 
2 2a - 1 



Herein, we have used the properties 

C{s + l,y) = -~C(s,y), J\(s,y)dy = for a < 1. (2.21) 

For Corollary 8(a), we take the limit of (1.27) as a — > 1/2 by using the Laurent 
expansions of C(2o") and ((2a — 1) about a = 1/2, 

C(2a) = ^-j + 7 + O (s - i) , (2.22a) 



and 



These expansions are easily developed, keeping in mind the value 2('(0) = — ln(27r) 
for (2.22b). For (2.22a), the standard expansion in terms of Stieltjes constants 7^, 
with 70 = 7, may be employed (e.g., [5]). For part (b) we subtract a combination of 
the integral of Corollary 1 of [9] and that of part (a). 

Remarks. Relation (1.26) is the n = 1 case of [10J (Theorem 2) 



CO 

-s-1 







if n (x)x- s - L dx, < a < 1, (2.23) 
15 



with (f n {x) given in (1.32). The moment integrals 

2n 



1 

2tt Jr 



C(s) 



dt 



poo 

/ ^(x)x" 2a " 1 rfx, < a < 1, 
Jo 



(2.24) 



may then be found by appealing to Parseval's relation for Mellin transforms. 

Here, we give a direct derivation of (2.24) from (2.23) by using a Dirac delta 
function identity (A. 14) of the Appendix. We have 

I COO 2 



R 



dt 



OO /"00 



/ — rri -rrrdxidx 2 dt 

R Jo Jo xl + x 2 



rJo Jo (xix 2 ) a+1 \XiJ 



(p n (xi)(p(x 2 ) 



COS 



rJo Jo (xix 2 ) a+1 

Lp n (xi)(p(x 2 ) 



tin 



X2 



2tt 



2tt 



OO /"OO 



Jo (xiX 2 ) a+1 

00 r°° <f n (x 1 )<f(x 2 ) 



In I ^ 



dx\dx 2 dt 
dx\dx 2 



Jo (XiX 2 ) 

= 2tt 



^ x\8{x\ — x 2 )dx\dx 2 



00 <ti(x) 



X 



2(7+1 



dx. 



(2.25) 



We may note that Lemma 1 affords the evaluation of all integrals 

l h^ dx= L yna2(T+1 > v)dy > 



(2.26) 



via n integrations by parts. 

Proposition 8. Let 2 F\ be the Gauss hypergeometric function (e.g., (UEJ). (a) 
We have 



Jo x Ji x t^n Jo y + 1 



OO r \ 
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= jf ' e-«' T 2 F, (l, y;y+ 1; e-" T ) (2.27) 

= (T^Fvf) /„' ^ (L ^ + !i T^itf) *■ < 2 - 28 > 

Relation (2.27) follows immediately from the series definition of 2-^1 and the ratio 
of Pochhammer symbols (y)e/{y + 1)< = y/{y + The form (2.28) follows from a 
standard transformation formula for 2 Ti ([7J, p. 1043). Now either (2.27) or (2.28) 
can be expanded in powers of 1/T and integrated termwise. In particular, for (2.27) 
the key is to use the following expansion valid for \z — 1| < 1 and |arg(l — z)\ < 71: 

2 F 1 (1, y;l + y;z) = yjr + 1) - V(* + v) ~ ~ *)]U ~ z)\ (2.29) 

where (y)o = 1. This expansion is the n = case of (9.7.5) in [TTJ. We then put 
z = e -V T , with ln(l - e" 1 ^) = - InT - 1/2T + 1/24T 2 + 0(1/T 4 ). This yields part 
(a), with for instance the leading term in (1.25) given by 

A-7 + InT — ^(y)]ydy = ~[fn(27r) - 7 + InT]. (2.30) 
Jo 2 

(b) Now we have 



h x 2 ' j^Jt x 2 I^o Jo (y + £f 

= j\^(e-"T^y)e-y' T dy, (2.31) 

where $(1,2,?/) = £(2, y). We again expand in powers of 1/T and integrate. We 

specialize an expansion of $>(z,m,a) for m > 2 an integer [13] (p. 123) to write 

In 2 z 00 ln fc z 

z a $(z, 2, a) = C(2, a)+C(0, «)^-+E C(2-fc, a)— p+ln z[l- 7 -^(a)-ln(ln(l/z))], 

" k=3 

(2.32) 
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where 1 — 7 = ■0(2), ((0, a) = 1/2 — a, and more generally we recognize ((— m, a) = 
—B m+ x(a)/(m + 1), with Bj(x) the Bernoulli polynomials. With z = e~ l / T we then 
have 

e-^dKe-V- 2 , y) = C (2, y) + ±[ 7 - 1 + V>(y) - In T] + + £ ^ fc^ , 

(2.33) 

For the leading term in (1.31) we integrate by parts twice to find 

y 2 ((2, y)dy = [' y 2 f(y)dy = 1b(2tt) - 7. (2.34) 



Here, the relation (2.18) applies, with ip' the trigamma function. For the next term 
we use the integral 

f 1 y 2 ^{y)dy = -2 y \nT(y)dy = 2 In A - \ 1h(2tt). (2.35) 
jo Jo 2 

This evaluation can be based upon the use of the Fourier series for lnT(y) (e.g., [7], 

p. 940), and keeping in mind the relations 

00 In r? 

- E -? = C'(2) = C(2)( 7 + ln(2vr) - 12 In A). (2.36) 

Similarly, the higher order terms may be found. 

As a supplement, we have 
Proposition 11. As T — > 00 we have (a) 

f°° i^lf\ nx \ e -/T dx = Iln 2 T + 0(lnT), (2.37) 
Jo x 4 

and (b) for k > 1 

/°° M(]n* x)e~ x / T dx = ln fc+1 T + 0(ln fc T). (2.38) 

jo x 2(/c + l)! 

1? 



Proof. We just provide a sketch, as the approach of [10] may be used. The results 
may be based upon the Mellin transformation and its inverse 

/ r~V*lnt dt = T(aWa), Re a > 0, (2.39) 
Jo 



and 



"j rc+ioo 

e~ z lnz= — z- s T{s)ip{s)ds, Re z > 0, c> 0. (2.40) 

27T2 Jc-ioo 



and logarithmic differentiations with respect to a thereof. For instance, (2.40) leads 
to 



— / C+i °° ^-T s T(sWs)ds = - r i^-(\nx)e~ x/T dx, < c < 1, (2.41) 

2lli Jc-ioo s Jo X 



where if)(s) has a simple pole at the origin, ip{ s ) = ~ V s — 7 + C(2)s + 0(s 2 ). The 
dominant contribution comes from the origin and computing the residue there gives 
part (a). For part (b), the leading contribution comes from the residue at s = of 
^-T s T(s)[ip(s)] k and this is easily seen to be as given. 
Remark. In relation to part (a), we have 

/_-u-" ■' £=0"" y + 

$(e-V T ,s,y)dy. (2.42) 



Jo X i) n J £. X g n J Xj ~\~ xL 



Jo OS 
For s i N, it follows that [13J (p. 123) 

z a d s $(z, s, a) = - s)r(l - s) fin 







(ini)*"^ 









00 ln fe z 

+ Y,C(s-k,a) — . (2.43) 

fc=0 K! 
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A limit result of this equation may be useful in developing the large-T asymptotic 
form of (2.42). 

Proposition 9. We use the representation (2.23) and apply the inverse Mellin 
transformation to write 



We shift the line of integration slightly to the left of the imaginary axis and evaluate 
the residue at the origin. Within the integrand 




(2.45) 



we recall that C(0) = -1/2 and C'(°) = -(V 2 ) ln ( 27r )> and the result follows. By 
further using the multinomial theorem, additional refinements could be included. 
Proposition 10. We introduce the cosine integral 



The function ip 2 may be decomposed in several ways. Here it suffices to write 




(2.44) 




(2.46) 





(2.47) 



We have 



Lemma 2. For x not an integer, we have (a) 



h{x) =P 1 ( X ) + - + 2xJ2 Ci(27rjx). 



1 



(2.48) 
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For x an integer, the Pi term in this equation should be omitted, (b) For k an integer 
we have 

h(k) = kip(k) - k\nk + 1. (2.49) 

We note that h(l) = I-7 and as k -> 00, h(k) = l/2-l/12k+l/120k 3 +O(l/k 5 ). 
Therefore, \im.k-+oo h(k) = 1/2. 

Proof, (a) We have the Fourier series (pQ, p. 805) 

*M + 5 = M = 5-E^^. <*«» 

2 2 j=1 71 j 

holding for x not an integer. Then 



Ji y 2 2 it p[ j Ji y 2 

1 1 00 1 

= 2 - - E -t sin ( 27r ^) " 27rjxCi(27rjx)], (2.52) 

by integrating by parts. The integral of (2.51) is absolutely convergent and the 
interchange of summation and integration is justified there. Applying (2.50) again 
gives the expression (2.48) 
For (b) we have 

cost ^ r°° cos(f + 2njk) 



V Ci(27T7A0 = -V [°° —dt = - V / 

00 pod roo 

E J Q cosv j o e- (M3k)x dxdv 



-dv 



i=i' 



00 roc p-vx 



e cos v 



dvdx 



Jo (e 27Tkx - 1) 

(e 27rkx - 1) (1 + x 2 ) 
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The last integral has been evaluated by using ([13], p. 91). 
We have 



f I") 
J o [y) y 

Therefore, we have the well known integral 

Thus /i(l) = loo(l) — 1 — 7 f° r P ar t (a) of the Proposition. 
For part (b) we have 



l- 7 . 



Ioo(2) 
' ,1/2 



>■ \y. 



dy 



/" 2 + /')JIl {2 , } * 

JO Jl/2 \ V \ V 



'1/2 J \y 



2E 

oo 

j=2 L 



r°° , ^du r z , , , 

2 / M— + / M(2-« 

i+i (u-j) 



hi 



u 

+ ^ 



2 

du + / (u-l)(2-«)- 



J + l 



2 + 31n2 



- - 7 - In 2 

2 ' 



(2.53) 



(2.54) 



(2.55) 



(2.56) 



2 + 31n2 = -27 + l + ln2. 

Together with Lemma 2 we have part (b) of the Proposition. 

In conjunction with more general considerations of Ioo{k) with k a positive integer, 
we have the integral 

f°° , ,du ~ «+i rf M 
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j=k . 




3 + 1 



1 



H k - 7 - In k, 



(2.57) 



where H k = ^ =1 l/£ is the kih harmonic number. With the aid of (2.57), we 
find Joo(3) = 1/2 — 37 + ln(27/4), and then from Lemma 2 we obtain part (c). 
Similarly, 7^(4) = -1/3 - 4 7 + ln(256/9), 7^(5) = -17/12 - 5 7 + ln(5 8 /2304), 
7^(6) = -27/10- 67 + ln(26244/25), 7^(7) = -83/20 - 77 + 2 ln(7 7 /8640), 7^(8) = 
-201/35- 87 + ln(2 36 /893025), 7^(9) = -2089/280 - 97 - 24 In 2 + 34 In 3 - 2 In 35, 
and 7^(10) = -2341/253 - IO7 - In 2 - 12 In 3 + 21 In 5 - 2 In 7, and the remaining 
parts follow. 
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Appendix: Evaluations of J R 



s 



dt 



For a > 1 we have 



-c 



dt 



F 

J — i 



OO 1 



n=l 



n 



a+it 



dt 



a 2 + t 2 



1 /■<*> /mV* dt 
(nm) ff i-ooU/ cr 

= E 



n,m>l 

1 '' ■* 



+ t 2 



n,m>l 



{nm) a 



COS 



, . ra\ 

t In - 

n / 



dt 



a 2 + t 2 



n>l m>l 



,nm) u J-oo 



cos 



t In ( — 

n J 



dt 



a 2 + t 2 



7Y 

a 



oo m— 1 i 



m=l n=l 



m 



2(7 



7T 

a 



°° m — 1 
((2^) + 2E 



m=l 



m 



2ct 



= -ma) + 2C(2a - 1) - 2C(2(7)] = -[2C(2<7 - 1) - C(2<r)]. (Al) 

(T (T 

We now provide an alternative evaluation, through the a = 1 special case of the 
representation 



C(s,a) 



a —- s f 

3-1 io 



00 Pi (x) 



-dx, Re s > —1, 



(A2) 



(x + a) s+1 

where P\{x) = x — [x] — 1/2 = {x} — 1/2 is the first periodic Bernoulli polynomial, 
and {x} denotes the fractional part of x. I.e., we form |C(s)| 2 = ((s)(*(s) = ((s)((s*) 
with 

We first describe the contributions 



2 Jr\s — s 



dt TV (a — 1) 

I |2 ~ 



(2(7-1) V(7- 1 



(A4) 
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and 



dt 



R \s\ 2 \S — 1 



s s 

x s+l x s* + l 



dt 



dt 7i 
\sr 2o- 



C(2a) - 



(2(7 -1) 



, (A5) 



7T 



((7 2 +t 2 )[((7- l) 2 +t 2 ] 2(7-1 V (7 (7-1 



1 1 

+ 



(A6) 



For the integrand of (A. 4) we use 2Re(-^y) and partial fractions so that 



2 Jr \s — 1 s* — 1/ \s 



dt 

77i2=( ff - 1 ) 



fl ((7 2 +t 2 ) [((7- l) 2 + t 2 ] 



(2(7 - 1) 7fl 



+ 



((7-1) / 1 1 



(2(7 - 1) 



a a—I 



(A7) 



CT 2 + t 2 ((7-l) 2 + t 2 _ 

For (A. 5) we have 2Re(^ FT ) = ^Jft[°" cos(t lux) + 1 sin(t lnx)] and have from (A. 2) 
that 



'1 x 

We next have the terms 



2(7+1 2a 



1 



C(2a) - - 



2 (2a - 1) 



(A8) 



r roc 

Id p ^ 



, dt 
dx 

(s* - l)x s+1 ' (s - l)x s * +1 \ \s\ 2 



+ 



4ir 



(2a - 1) 



1 



C(2a-1)-- 



1 



2 2(a-l) 



Here, 

-Id p ^ 



+ 



1 

2a" 



, dt f f°° „ . XT ^ 

cfe— = -2 / / Pj(x)Re 



C(2a) 



1 



2 (2a - 1) 



(A9) 



■I 



s* - l)x s+1 (s - l)x s * +1 

°° P x {x) {[a(a- 1) -t 2 ] cos(tlnx) + (2a - l)t sin(t lux)} 



(s* - l)x s+1 



X 



(7+1 



[(a-l) 2 + t 2 ](a 2 + t 2 ) 
Pi(x) 



dt 



x 



2a 



1 - 



dx. 



x. 



(A10) 
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Using (A. 8) then gives (A. 9). In obtaining (A. 10) we have used the integrals via 
partial fractions 



t 2 cos(t lax) 



dt 



IT 1 



-oo {a 2 + t 2 ) [{a - l) 2 + t 2 ] {2a - 1) x- 1 



and 



/oo 



tsinftlna;) , it ( 1 

d* = r I + 1 



+ t 2 )[(a- 1) 2 + ^| 1 \ .r 



r a— 1 



Finally, we have a term 



RJl Jl (X1X2) 



a+1 



Xi 



*> P 2 {x) 



X 



2cr+l 



Here we have used 



(Alia) 



(Alio) 



(A12) 



/ cos[t \n(x2/xi)]dt = 2ir5\\.n{x 2 /xi)] = 2irx 1 5{x 1 — x 2 ), (A13) 
Jr 

with 5 the Dirac delta function. The second equality in (A. 13) follows from the 
identity 



*[/(*)] = E 



5(x - Xi) 



T WldAx=Xi 

where the the roots of the function / in the interval of integration. 

The evaluation of (A. 12) proceeds by using integration by parts: 



(A14) 



x 2a+1 2a Ji 1 v ' \ dx x 2a 



1 f°° P ± {x) 



a Ji x 



2(7 



i-E^-i) 



1 



a(2a - 1) 



-C(2a-l) + i+ i 



2 2(a-l) 
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dx H 

8(7 



a(2a - 1) 



x 1 1 
-C(2<7-1) + - + 



2 2(cr-l) 



(.4.15) 



A second evaluation of (A. 12) uses Lemma 1. We have, also using (A. 8), 



°° P*(x) 



1 x 



2cr+l 



dx 



°° ({x} 2 - {x} + 1/4) 

2,2(7+1 



1 



lfC(2a + l,y + l)dy-l ^dx + - 

C(2a) - 1 



C(2a) C(2o- - 1) 1 
2(<r-l) 2a a(2a-l) 2a 



8(7 

1 



1 



(7(2(7-1) 
1 



C(2(7-l) + 

C(2a-1) 



1 



+ 



1 



2(7 - 1 

3 



1 



2((7-l) 8(7 

1 1 



(A16) 



2((7-l) (7(2(7-1) (2(7-1) 8(7' 

The integral of (A. 12) itself converges for a > 0. 

For a third evaluation of (A. 12) we first record without proof the following ele- 
mentary sums. 
Lemma 3. We have 



E 



(j + 1) 2<J 3 



2a 



U + i) 2CT f a 



(a - b)((2a) - a, {Alia) 
-aC(2cr) + (a-6)C(2(7- 1), (A 176) 



and 



j'=i 
Then 



(j + i) 2CT J 



2a 



a((2a) - 2aC(2(7 - 1) + (a - 6)C(2a - 2). (Al7c) 



X 



2cr+l 



2cr+l 
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00 (x 2 + \x} 2 + 1/4 - 2 [da; - x + [x]) , 

ax 



x 2a+l 



L /. 



,-=i ^ 



i oo (- 1 

M«-D(fr-i) g I 11 - 3a + 2ff + 4(1 - ctM + A3] T 



2a 



-[l + a + 2a 2 + 4(1 + a)j + 4j 2 ] ^ ^ | . (A18) 



Then the application of Lemma 3 yields (A. 16). 



28 



References 

[1] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions, Wash- 
ington, National Bureau of Standards (1964). 

[2] G. E. Andrews, R. Askey, and R. Roy, Special Functions, Cambridge University 
Press (1999). 

[3] J. Bernard, unpublished (2010). 

[4] M. W. Coffey, Integral representations of functions and Addison-type series for 
mathematical constants, I arXiv: 1006.2551 (2010). 

[5] M. W. Coffey, New results on the Stieltjes constants: Asymptotic and exact 



evaluation, J. Math. Anal. Appl. 317, 603-612 (2006); arXiv:math-ph/0506061 



[6] H. M. Edwards, Riemann's Zeta Function, Academic Press, New York (1974). 

[7] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products, 
Academic Press, New York (1980). 

[8] A. Ivic, The Riemann Zeta- Function, Wiley New York (1985). 

[9] A. Ivic, Some identities for the Riemann zeta function, Univ. Beograd Publikac. 
Elektrotehn. Fak. Ser. Mat. 14, 20-25 (2003); arXiv:0305219v4 (2003). 

[10] A. Ivic, Some identities for the Riemann zeta function II, Facta Univ. 20, 1-8 
(2005); arXiv:0506214v2 (2005). 



29 



[11] N. N. Lebedev, Special functions and their applications, Dover Publications 
(1972). 

[12] B. Riemann, Uber die Anzahl der Primzahlen unter einer gegebenen Grosse, 
Monats. Preuss. Akad. Wiss., 671 (1859-1860). 

[13] H. M. Srivastava and J. Choi, Series associated with the zeta and related func- 
tions, Kluwer (2001). 

[14] E. C. Titchmarsh, The Theory of the Riemann Zeta- Function, 2nd ed., Oxford 
University Press, Oxford (1986). 



30 



